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Abstract

We examine a widely-used kind of Hidden Markov
Model (HMM), in which “dynamic features” are included
along with the direct measurements. We conclude that
the generative model implied by the use of dynamic fea-
tures is quite different from the conventional view and
that such models are capable of providing a surprising
amount of the sort of dynamics that we thought were nec-
essary to describe the important properties of speech pat-
terns. We suggest that one reason why several attempts to
replace HMMs with models with explicit dynamics have
failed is that the dynamics already implicit in standard
HMMs are roughly equivalent.

1. Introduction

For many years a widely-used type of acoustic model for
automatic speech recognition has been a Hidden Markov
Model with an output distribution for each state defined in
terms of a mixture of gaussians. The “observation vector”
for the output distributions is usually made by append-
ing to the real, direct (static) acoustic vector one or more
vectors computed from the local sequence of static vec-
tors. The use of such augmented feature vectors can sig-
nificantly enhance the performance of automatic speech
recognition systems [2].

In the standard view, HMMs are generative models:
given a trained HMM, it is possible to draw samples from
the output distribution by first deciding what state the sys-
tem will be at each time, then at each time, sampling from
the output distribution of the corresponding state. The
distribution at each time depends only on the (hidden)
state at that time, so the output distribution has piecewise-
constant statistics. Although the generative model aspect
of HMM s is not much used in practice, it is very impor-
tant conceptually. We argue here that the standard inter-
pretation of the generative model is quite wrong when
dynamic features are included.

Several authors have attempted to improve on HMMs
by including explicit dynamics and segmental properties.
(e.g. [6, 3]) The usual argument is that conventional
HMMs are inadequate for dealing with the real nature

of speech patterns, so we should be able to find some-
thing even better. Generally speaking, results from these
attempts have been disappointing, and the basic HMM
structure has not been superseded.

It is well known that HMMs make very speech syn-
thesizers, because of the piece-wise constant statistics.
However, Tokuda et al. have shown that much more in-
teresting and dynamically-rich acoustic patterns can be
produced from HMMs if they are looked at in a differ-
ent way, and suprisingly good speech can be synthesized
from them [7]. The key insight is that the output statistics
are piecewise-constant for the augmented vectors, and the
relationship between the static and dynamic features must
be taken into account when contructing the maximum-
likelihood sequence of static vectors [8].

2. The Conventional HMM Output
Distribution

In this section we define what we are calling the conven-
tional model.

We are mainly concerned, in the present paper, with
what happens within an interval during which the HMM
state does not change, so generally we do not mark the
dependence on state in the notation that follows. We also
ignore end-effects, although these can be very important,
especially as the number of frames controlled by a state
is often less than the width of the window over which the
dynamic features are computed.

Given a sequence, [y1, y2, - - - yn], Of Observation vec-
tors, a sequence of augmented vectors, [z1, 22, - - - 2],
is constructed by appending to each observation vector
some more elements that are computed from adjacent ob-
servations. In general,
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where F is linear and w is the half-width of the window.
We intend that z; includes y;. As a specific example, the
default in HTK [11] is to append a vector of delta coeffi-
cients

2i = F(Yi-w, - - -

di = (=2Yi—2 — Yi—1 + Yit1 + 2yi42)/10  (2)



and a vector of acceleration coefficients
a; = (=2d;_» — di_1 +dip1 +2diy2) /10 (3)

In this case the augmented vectors z; can be expressed in
terms of y;_4 t0 y; 14 (w = 4).

The distribution over the augmented vectors is written
as a mixture of diagonal-covariance gaussians (and the
parameters of the distribution at each frame are controlled
by the corresponding HMM state).

For any sequence of augmented vectors, Z =
[21,....zn], We compute a score that would be the prob-
ability density if the augmented vectors could be consid-
ered independent (given the state at each time):

n

P(Z) =[] »(=:) (4)
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Our central question is: What is the generative model
implied by this construction?

The conventional answer is that n augmented vectors
are drawn independently from p, and experiments have
been published using synthetic data generated this way
(e.g. [5]). This will obviously not do, because the con-
straints of equations 1 will not be satisfied (unless we are
very lucky?!).

At this point it would be possible to say “Well, the
model may be inconsistent, but it works, and works rather
well!” A different view is “HMMSs are a mess, so we
should build something clean and powerful to replace
them”. In this paper we take a third view, that equations
1 and 4 do define a distribution, and a generative model,
but it is not the obvious one.

We want a generative model for the real observations,
[y1,- - yn]. The dynamic features are simply intermedi-
ates in the definition of the model. The key notion is that
however we do it, the dynamic features must conform to
the algebraic constraints of equation 1, as exemplified by
relationships 2 and 3.

One approach (conceptually) is to generate a pro-
posed sequence Z, and check that the dynamic features
obey the constraints. If not, try again. This will take too
long, but the argument reminds us that the density in 4
is not correctly normalized, since most of the Z space is
invalid because of 1.

Equations 1 and 4 certainly define a function from
any sequence of observations to a scalar that looks like
an unnormalized probability. We have only to normalize
it to define a density. In principle, it is clear: the prod-
uct of mixtures of gaussians is a (possibly rather large)
mixture of gaussians. (The product of M mixtures, each
with C gaussian components, has C* components in
general.) The big MoGs in the augmented vectors can
be re-written in terms of the original observation vectors
sequence, again as a mixture of gaussians (if we neglect
end effects). See Tokuda et al. [8] for details.

Williams shows [9] that the use of augmented vectors
can be analysed in terms of an autocovariance model, or
as a product of gaussians.

One way to understand a generator is to look at the
mode of the output distribution. This is the sequence
[y1,- - yn)] that maximises equation 4 while constrained
by 1. This maximum likelihood pattern is used for syn-
thesis by Tokuda et al. [7].

3. Sampling from the Gener ative M odel

One of the best ways to understand a stochastic model
is to construct the generator, and to draw samples from
it. Indeed, such a generator is a standard tool when test-
ing implementations of inference algorithms for stochas-
tic models.

By “a sample” we mean a complete sequence of
“static” vectors, [y1,ys,- - -yn], corresponding to mea-
surements of spectrum shape etc. (We shall assume that
the sequence of HMM states has been decided before-
hand)

The Gibbs Sampler technique [1, 4], also known as
Markov Chain Monte Carlo (MCMC), is a convenient
way to sample from the joint distribution defined by equa-
tions such as 1 and 4. (Note that the markov chain in
MCMC is quite distinct from the markov chain of hidden
states in an HMM.)

There are several ways to make a Gibbs Sampler for
our problem. One simple version is as follows: We
choose a frame, i, compute the conditional distribution
of y; given the current values at the other times, and sam-
ple from that conditional distribution. It is well known
that the (markov chain) process defined by repeating such
procedures converges to the joint distribution. If the dis-
tributions over augmented vectors are mixtures of gaus-
sians, then the conditional distributions are also mixtures
of gaussians, and the means and mixture weights are
functions of the adjacent values.

4. A Simple Modél with Dynamics:
Delta Chains

We shall focus on a simple case, to illustrate some of the
ideas.

We use one-dimensional observations (y is a scalar),
and simple asymmetric delta: d; = y; — y;—1. The equiv-
alent of the dynamic features is a probabilistic constraint
on the difference between adjacent observations:

P(y1,-yn) = Ps(y1) Pa(y2—y1) Ps(y2) Pa(y3—y2) .- Ps (yn)

®)
where P is a distribution for the static, original observa-
tion values, and P; is the distribution of the differences or
deltas. P; and P, are each mixtures of gaussians. Equa-
tion 5 describes a chain with no delta constraints at the
two ends. We also sometimes connect the ends in a ring.



Figure 1: Sample from a simple Gaussian DeltaChain
with a positive delta mean.

Our simple delta chain model is different from the
conventional model in the following ways:

1. The observations are one dimensional, so we can
plot the sequence as a simple graph. The diag-
onal covariance matrix of the conventional model
means that to a first approximation we can treat the
different dimensions (features) separately, but in
most systems they are coupled through the choice
of mixture component.

2. The simple delta is offset (between frames, rather
than being centered on the frames), and the distri-
butions of the deltas are independent of the stat-
ics, whereas in the conventional model the dynamic
features are centered, and the distribution is joint,
so the choice of mixture component in made for the
statics and dynamics together. (In turns out that our
simpler, independent, model is a special case of the
joint model, so anything that the simple model can
do can be done with the more complex one.)

4.1. Some samplesfrom scalar delta chains

In this section we look at single samples from a few sim-
ple delta chains, each controlled by a single output dis-
tribution defined on static and dynamic features, so it is
relevant to what could be generated by an HMM for a se-
quence of frames during which the state does not change.
(It is more enlightening to watch as the sampling pro-
ceeds, and we plan to make some dynamic examples gen-
erally available.)

Figure 1 is a (Gibbs Sampler) sample from a delta
chain of 30 frames. The static distribution P; is gaussian
with zero mean (P; = A(0,30)) and the delta distri-
bution is gaussian with positive mean (P; = A/ (10,1)).
The ends of the chain are unconstrained in figure 1, but
loop-connected in figures 2, 3 and 4. (It is not strictly
necessary to use a Gibbs Sampler in this simple case. In
principle any system with single-gaussian output distri-
butions can be inverted, as explained by Tokuda [8].) As
expected, there is a slope approaching 10 vertical units
per frame at the edges. The static variance constrains the

Figure 2: Sample from a DeltaChain with a bimodal
delta.
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Figure 3: Sample from a DeltaChain with bimodal static.

slope in the middle of the “segment”.

Things get more interesting if we use mixtures of
gaussians for the static or delta distributions, or for both.
In figure 2 we have a zero mean static distribution with
a large variance: Ps = A(0,100). The delta is a mix-
ture of a positive slope and a less likely negative jump:
Py = 0.9N(5,10)+0.1N (=50, 10). The result is a saw-
tooth.

Figures 3 and 4 show two ways to make the system
alternate on a relatively long cycle between two levels.
The recipe for figure 3 is:

P, = 0.5N(20,20) + 0.5N(—20, 20)

P; = N(0,10).

The delta introduces a persistence in the choice of the
static component, and smooths the transitions.

The recipe for figure 4 is:

P, = 0.5N(20,20) + 0.5N(—20, 20)

P; = 0.6AM(0,1) + 0.2N (40, 10) + 0.2NM (—40, 10).
The extra delta components provide the opportunity for
clean jumps between the two modes of the static distribu-
tion.

5. Discussion

Segmental HMMs are one class of models that are an
attempt to go beyond the assumed limitations of stan-
dard HMMs [3]. In the simplest form, the sequence of
vectors in a segment is determined by drawing a sample
from a first distribution to set the mean for this segment,
then drawing samples from a distribution centered on this



Figure 4: Sample from a DeltaChain with bimodal static
and trimodal delta.

mean, but with a new (tighter) variance. The result is to
allow much larger differences between frames in different
segments of the same type than between frames within
the same segment. A very similar effect can be achieved
with conventional HMMs. We can illustrate using a sim-
ple delta chain, by using the static distribution for the
initial distribution, and using a zero-mean delta distribu-
tion to achieve the reduced variance within the segment.
There certainly are differences — for instance the delta
distributions will impose their own notion of continuity
at “segment” boundaries — but it is not clear that the
overall effect will be worse in terms of modeling speech
patterns. Models with trends within a segment can also
be dealt with using a non-zero mean for the delta distri-
bution.

It will be interesting to see the spectrum patterns
produced by running the Gibbs sampler on distributions
(and constraints) derived from real acoustic models. The
maximume-likelihood trajectories produced by Tokuda et
al. [7], which correspond to the mode of the full distribu-
tion, are a foretaste.

It is an open question whether this view of the gen-
erative model implied by current HMMs will lead to im-
provements in the way that the parameters are estimated.
Tokuda et al. [8] show that they can improve the accuracy
of a system that uses a special “trajectory model” scoring
method, but do not report improvements when the “tra-
jectory trained” models are used with conventional de-
coders.

6. Conclusions

We hope that the viewpoint expounded here (and in some
of the references) will help to put the alternatives to the
conventional HMM in context, and lead eventually to im-
provements in automatic speech recognition.
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